A Boolean formula in a conjunctive normal form is called a (k, s)-formula if every clause contains exactly k variables and every variable occurs in at most s clauses. We show that there are unsatisfiable (k, 4 · 2 k k )-CNF formulas.
• every full branch of T G contains a hyperedge of G and
• every vertex of T G belongs to at most s hyperedges of G When there is no danger of confusion we write G for T G . The following lemma is the core of our proof.
Lemma 1.2 For every sufficently large k there is a
We first show that Lemma 1.2 implies Theorem 1.1. Suppose that there is a (k, 2 · 2 k k )-tree G and let G ′ be a copy of G. Let H be the hypergraph obtained by generating a new root v and attaching G as a left subtree and G ′ as a right subtree. Note that H is a (k, 2 ·
. . , (x r , x ′ r ) denote the pairs of siblings of H. We set x ′ i :=x i for every i, i = 1, . . . , r (i.e. each non-root vertex represents a literal x ∈ {x 1 ,x 1 , x 2 ,x 2 , . . . , x r ,x r }). Let E(H) denote the set of hyperedges of H. Then for every hyperedge {y 1 , y 2 , . . . , y n } ∈ E(H) we form the clause C {y 1 ,y 2 ,...,yn} = (y 1 ∨ y 2 ∨ . . . ∨ y n ) and set F := e∈E(H) C e .
Note that every variable x i of F occurs in at most 2 · ∆(F ) clauses with ∆(F ) denoting the maximum degree a variable in F. Indeed, the number of occurrences of the variable x i is bounded by the number of occurrences of the literal x i plus the number of occurrences of the literalx i , which is at most 2∆F . So F is a (k, 2 · By assumption b full contains a hyperedge h. But α does not satisfy the clause C h , implying that α does not satisfy F. Since α was chosen arbitrarily, F is not satisfiable.
It remains to prove our key lemma.
Proof of Lemma 1.2:
We need some notation first. The vertex set and the hyperedge set of a hypergraph H are denoted by V (H) and E(H), respectively. By a slight abuse of notation we consider E(H) as a multiset, i.e. every hyperedge e can have a multiplicity greater than 1. By a bottom hyperedge of a tree T H we denote a hyperedge covering a leaf of
k . For simplicity we assume that k is a power of 2, implying that d is power of 2 as well.
To construct the required hypergraph G we establish first a (not necessarily k-uniform) hypergraph H and then successively modify its hyperedges and T H . The following lemma is about the first step. 
The next lemma deals with the second step of the construction of the required hypergraph G.
Lemma 1.5
There is a hypergraph H ′ ∈ C with maximum degree 2d such that each full branch of T H ′ has 2 i bottom hyperedges of size log d + 1 − i + ⌊log log d⌋ for some i with 0 ≤ i ≤ log d.
Proof: Let H ∈ C be a hypergraph with maximum degree 2d such that every leaf u of T H is the end node of a set S i (u) of 2 i hyperedges of size log d + 1 − i for every i with 0 ≤ i ≤ log d. (Lemma 1.4 guarantees the existence of H.) To each leaf u of T H we then attach a binary tree T ′ u of height ⌊log log d⌋ in such a way that u is the root of T ′ u . Let v 0 , . . . , v 2 ⌊log log d⌋ −1 denote the leaves of T ′ u . For every i with 0 ≤ i ≤ 2 ⌊log log d⌋ − 1 we then augment every hyperedge of S i (u) with the set of vertices different from u along the full branch of T ′ u ending at v i . After repeating this procedure for every leaf u of T H we get the desired hypergraph H ′ . It remains to show that every vertex in H ′ has degree at most 2d. To this end note first that during our construction the vertices of H did not change their degree. Secondly, let u be a leaf of T H . By assumption u has degree at most 2d and by construction d(v) ≤ d(u) for all vertices v ∈ V (H ′ )\V(H), which completes our proof. Lemma 1.6 There is a hypergraph H ′′ ∈ C with maximum degree 2d such that every full branch of T H ′′ has one bottom hyperedge of size log d + 1 + ⌊log log d⌋.
Note that due to our choice of d, Lemma 1.6 directly implies Lemma 1.2. Proof of Lemma 1.6: By Lemma 1.5 there is a hypergraph H ′ ∈ C with maximum degree 2d such that each full branch of T H ′ has 2 i bottom hyperedges of size log d + 1 − i + ⌊log log d⌋ for some i with 0 ≤ i ≤ log d. For every leaf u of T H ′ we proceed as follows. Let e 1 , . . . , e 2 i denote the bottom hyperedges of H ′ ending at u. We then attach a binary tree T ′′ of height i to u in such a way that u is the root of T ′′ . Let p 1 , . . . , p 2 i denote the full branches of T ′′ . We finally augment e j with the vertices along p j , for j = 1 . . . 2 i .
After repeating this procedure for every leaf u of T H ′ we get the resulting graph H ′′ . By construction every full path of T H ′′ has one bottom hyperedge of size log d + 1 + ⌊log log d⌋. A similar argument as in the proof of Lemma 1.5 shows that the maximum degree of H ′′ is at most 2d.
